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Abstract 

We discuss deformations of orbifold singularities on tilted tori in the context 
of Type IIA orientifold model building with D 6 -branes on special Lagrangian 
cycles. Starting from T 6 /(Z 2 x Z 2 ), we mod out an additional Z 3 symmetry 
to describe phenomenologically appealing backgrounds and reduce to Z 3 and 
VlIZ invariant orbits of deformations. While D 6 -branes carrying SO(21V) or 
USp(2A) gauge groups do not constrain deformations, D 6 -branes with U(A) 
gauge groups develop non-vanishing D-terms if they couple to previously sin¬ 
gular, now deformed cycles. We present examples for both types of D 6 -branes, 
and in a three-generation Pati-Salam model on T 6 /(Z 2 x Z' 6 ) we find that ten 
out of 15 twisted complex structure moduli are indeed stabilised at the orbifold 
point by the existence of the brane stacks. 
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1 Introduction 


String model building is since its beginnings plagued by the conflict of interest between 
generic Calabi-Yau threefolds as compact backgrounds and a small number of geometrically 
accessible singular orbifold limits thereof. While the former class of compactifications basi¬ 
cally restricts to the supergravity regime, the latter admits the use of powerful Conformal 
Field Theory (CFT) techniques. 

In both cases, however, the dilaton and geometric moduli form flat directions. On the one 
hand, this allows to tune parameters to achieve phenomenologically acceptable values of the 
strengths of gauge and gravitational interactions, but on the other hand, the flat directions 
impede the predictive power of string theory. Over the years, various mechanisms to achieve 
(partial) moduli stabilisation have been proposed, most notably closed string background 
fluxes in Type II orientifolds [1], which back-react on the geometry and change it away 
from Calabi-Yau manifolds or singular limits thereof. This change in geometry further 
exacerbates the construction of explicit stringy vacua for particle physics and cosmology, 
see e.g. the discussion for the six-torus, potentially endowed with some Z 2 x Z 2 symmetry 
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in [2, 3]. 1 * * * * 


Within heterotic Eg x Eg model building, it was noticed a few years ago that some orb- 
ifold singularities cannot be resolved without breaking supersymmetry. While there the 
identification of moduli is complicated due to the fact that all fields group into charged 
representations under some gauge group, it was shown that blow-ups of orbifold singulari¬ 
ties [33-35] lead to non-vanishing Fayet-Iliopoulos terms of Abelian gauge factors and thus 
supersymmetry breaking at one-loop [36, 37]. 

In [38-40], the analogous argument was formulated first for the SO(32) heterotic string 
and then S-dualised to the Type I string with fluxed D9/D5-branes, where the Fayet- 
Iliopoulos terms arise as a' corrections. Employing mirror symmetry to arrive at Type 
IIA/077 orientifolds, we expect that now complex structure deformations away from the 
singular orbifold point lead to supersymmetry breaking. Contrary to heterotic orbifold 
models, Type II orientifolds allow for a unique identification of the geometric moduli from 
the closed string sector, and indeed in [41] we found first evidence that deformations in 
the presence of D-branes with U(l) symmetries break supersymmetry. In this article, we 
generalise the simplified discussion of [41] to backgrounds of interest for D-brane model 
building, in particular the T 6 /(Z 2 x Zg x Q1Z) orientifolds, which provide three particle 
generations due to the inherent Z 3 subgroup [16, 18, 42], 

Our new findings in this article show that a large number of geometric moduli can be 
stabilised even without invoking closed string background fluxes and severe back-reactions 
on the geometry. In addition, our computation of periods over (special) Lagrangian cycles 
provide the tree-level value of the gauge couplings [43], and upon deformation previously 
identical couplings can either be enhanced or diminished. This property is particularly 
interesting in the context of the hierarchy between strong and weak interactions in some 
explicit Pati-Salam model presented here. 

This article is organised as follows: in section 2 we briefly review the hypersurface formal¬ 
ism and apply it for the first time to hexagonal lattices, as required for orbifold backgrounds 

1 At this point, it is worth noting that model building in Type IIA orientifolds has to date only 

provided gobally defined models on the six-torus and its orbifolds, see e.g. [4-18] for GUT and MSSM- 

like models with fractional D6-branes stuck at some Z 2 singularities and [19-25] for more comprehensive 

lists of references, while semi-local models on (smooth) Calabi-Yau manifolds exist to our best knowledge 
only in terms of hypersurfaces in weighted in projective spaces [26] , which might possibly be extended to 

Complete Intersection Calabi-Yau manifolds using the recently reported special Lagrangian cycles in [27]. 

Semi-local refers here to the uncertainty in the contribution of the 06-planes to the RR tadpole cancellation 
conditions and the K-theory constraints, which would require a classification of USp- vs. SO-type probe 
branes. For toroidal orbifolds, such a classification can be done via CFT techniques, see e.g. [28-30], 
while for properties of special Lagrangians on generic Calabi-Yau manifolds, results in the mathematics 
literature are scarce [31, 32]. 
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with an underlying Z 3 symmetry. The main focus lies on the Z 2 x Zg orbifold with discrete 
torsion, and extensions to Z 2 x Zg with a different Zg action are briefly addressed in sec¬ 
tion 2.2.2. In section 3, we discuss two different classes of examples on the Z 2 x Zg orbifold 
with discrete torsion and address the question of (twisted) moduli stabilisation: in the first 
class, all D-branes are orientifold invariant with SO or USp gauge factors, while D-branes 
in the second class carry unitary gauge groups whose D-terms account for a non-trivial 
(twisted) moduli potential. Our conclusions are given in section 4. Last but not least, in 
appendix A we collect technical details for the computations on the Z 2 x Zg orbifold, and 
in appendix B we provide a generic overview of Lagrangian lines on tori of untilted and 
tilted shape beyond the hexagonal ones in the main text. 


2 Deformations of Orbifold Singularities and Hyper¬ 
surface Formalism 


In this section we discuss three-cycles, on which D 6 -branes in Type IIA/f277 orientifold 
models can be wrapped. Onr focus lies on supersymmetric D-brane configurations and 
the phenomenologically appealing T 6 /(Z 2 x Zg) orbifold background, for which explicit 
examples will be discussed in section 3. 


2.1 The geometric setup 

This section briefly describes the geometric setting we are dealing with. For a more detailed 
discussion see e.g. [41]. We start with the geometry of toroidal orbifolds and the fractional 
three-cycles therein. Then the hypersurface formalism is reviewed, first for two-tori and 
then for the T 6 /(Z 2 x Z 2 at) orbifold with discrete torsion including its deformations. We 
focus in particular on the behaviour of (special) Lagrangian three-cycles under deforma¬ 
tions. 


Three-cycles on orbifolds: We focus on orbifolds of the type T 6 /(Z 2 x Z 2 n) with 
discrete torsion where the six-torus T 6 is factorisablc, i.e. it can be written as a product 
of three mutually orthogonal two-tori, T 6 = x x T^. The orbifold group contains 
a Z 2 x Z 2 subgroup which allows to switch on a global discrete torsion phase 7] = ±1 [44], 
Consequently, the Z 2 x Z 2 singularities can be deformed (g = -1) rather than blown-up 
(j) = + 1 ), which results in exceptional three-cycles at the former fixed loci that can be 
used for D 6 -brane model building purposes [7, 29]. Thus, we describe the orbifold as 
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(T 6 /(Z 2 x Z 2 ))/Zjv where the Z^r ideally does not lead to exceptional three-cycles, but 
rather restricts the way how the Z 2 x Z 2 singularities can be deformed, cf. table 1 for the 
corresponding Hodge numbers per twist sector. Orbifolds containing a Z 3 factor are of 



Table 1: Hodge numbers of factorisable T 6 /(Z 2 x Z 2 w) orbifolds with discrete torsion. For both 
choices Z 2 x zj.'\ 16 independent three-cycles in Z 2 -twisted sectors are reduced to 4, 5 or 6 
independent ones due to the additional Z 3 symmetry. For Z 2 x Zq , two out of the four additional 
Z 3 - and Zg-twisted sectors contribute h^ +Ze> = 4, while all other three-cycles - on which this 
article focuses - stem from the bulk and Z 2 -twisted sectors. 

particular phenomenological interest [16, 45, 18]. 

In such geometries there are three types of three-cycles: 


• A one-cycle on a two-torus is specified by its two integer-valued coprime wrapping 
numbers (n^, m^). Three-cycles on the six-torus are products of three one-cycles, one 
on each two-torus. Adding up all orbifold images of such torus cycles, one obtains a 
bulk cycle on the orbifold, 

n buik = ^ (m7Ti + mi7T 2 ) ® (u 2 7r 3 + m 2 7T 4 ) ® (n 3 7r 5 + m 3 n 6 ) , (1) 

z 2 xZ 2 N 
images 

with basis one-cycles itk oriented as in figure 1 . 
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• Locally, a resolved Z^ singularity along xT^, labelled by (ct/3), results in 

a two-cycle which topologically is a two-sphere. In the case of discrete torsion, 
the remaining Z 2 factor acts with a minus sign on that two-cycle, so in order to 
obtain an invariant exceptional cycle one has to take the product with a one-cycle in 
the k th two-torus: 

£ ah E 2 e S? e$= X! 2 e S$® 7r2fc ’ ( 2 * ) 

Z iV Z iV 

images images 

where the sum over Zjy orbifold images for T 6 /(Z 2 x Z 2 jv) with discrete torsion has 
to be taken . 2 


• If a bulk cycle happens to pass through the orbifold singularities, it becomes its 
own Z 2 -orbifold image. Thus the sum in equation ( 1 ) becomes redundant (up to 
the additional Z_y factor within Z 2 jv, which also appears on the right hand sides 
of equation (2)). However, such a fractional cycle is closed only if one adds an 
appropriate contribution from the exceptional cycles: 


j^frac 


— P[bulk 

4 


1 

+ - 
4 


Z E 

fc=l a k ,/3 k 


+ y 


(k)~(k) 
CX-kPk 


)• 


( 3 ) 


with the integer-valued exceptional wrapping numbers (x( k l,y( k l) composed of a 
limited choice of linear combinations of () weighted with sign factors due to 
Z 2 eigenvalues (±) and discrete Wilson lines (f) with r* e {0,1}, as detailed e.g. in 
table 7 of [18]. Here the sum over the fixed points denoted by e T 2 .^, /3k e T 2 ^ has 
to be chosen appropriately to match the position of the bulk two-cycle within , 
which we parametrise below by (d) with a 1 € { 0 , 1 }. 


Supersymmetry conditions: In orientifold models, the condition for J\f = 1 supersym¬ 
metry in four dimensions requires that D 6 -branes may only wrap three-cycles n which 
satisfy the special Lagrangian (sLag) conditions, 

Ji,i| n = 0, (4) 

3 (fi 3 ) | n = 0, £H(!4 3 )| n >0, (5) 

where J\,\ denotes the Kahler form and H 3 the holomorphic volume form. If a cycle only 
satisfies (4), it is called Lagrangian , and the three-cycles we constructed in the previous 

2 These exceptional three-cycles exist only for N odd, i.e. N = 1,3, since the discrete torsion phase for 

N = 2 acts trivially on the twisted sectors, see [29] for details. 
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paragraph automatically have this property. The sLag conditions (5) then impose con¬ 
straints on the wrapping numbers and the complex structure moduli. For example, it can 
happen that the bulk part of a fractional cycle is sLag, but its exceptional part is not. 
If a D 6 -brane wraps such a cycle, the model is only supersymmetric if the volume of the 
exceptional part is zero, i.e. at the orbifold point. 


2.1.1 Lagrangian cycles in the hypersurface formalism 

In order to describe the geometry including the deformations of all singularities, the orb¬ 
ifold of the factorised six-torus has to be reformulated as a hypersurface in an ambient toric 
space. To this end we start with elliptic curves in Pjy 2 and Lagrangian lines therein. Then 
we write down the T 6 /(Z 2 x Z 2 ) orbifold and arbitrary deformations thereof as a hypersur¬ 
face and show how the Lagrangian lines from the elliptic curves are inherited. By modeling 
out another Z 3 symmetry we can achieve descriptions of the deformed T 6 /(Z 2 x Z^) orb- 
ifolds with discrete torsion. 


Elliptic curves: For later purposes it is most convenient to transcribe the two-torus as 
a hypersurface in a complex weighted projective space Pj * 12 with homogeneous coordinates 
x, v and y of weights 1, 1 and 2, respectively. An elliptic curve is the zero locus of a 
polynomial / of degree four, which can generally be chosen to be in Weierstrass form, 

/ := -y 2 + F(x, v) = 0 , F(x,v) ■■= Avx 3 - g 2 v 3 x - gsv 4 , ( 6 ) 

with real coefficients y 2 , y 3 . The anti-holomorphic orientifold involution crji acts as (y, x, v ) 

(' y,x,v ). The Z 2 reflection acts by y ^ -y, so its fixed points are exactly the roots of 
F(x,v), see figure 1 for our choice of labels 1,2,3,4. Thus, it is convenient to write the 
polynomial in factorised form, 

F(x, v ) = 4 v (x - e 2 v) ■ (x - e 3 u) • (x - e 4 u), (7) 

with g 2 = -^Y,i<j e i e ji 93 = 4e 2 e 3 e 4 and e 2 + e 3 + e 4 = 0. To make the g, real there are two 
possibilities: 


• e 4 < e 3 < e 2 with all e t real corresponds to untilted tori or a-type lattices, 

• e 2 = e 4 =: e and e 3 real corresponds to tilted tori or b-type lattices. 
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Figure 1: Square torus with underlying untilted (a-type) lattice at the left hand side and tilted (b- 
type) lattice at the right hand side. The fixed points are labelled in such a way that rotating the 
square torus on the tilted (b-type) lattice by e 7 ™/ 4 gives the same index notation as for the square 
torus with underlying untilted (a-type) lattice. The anti-holomorphic orientifold involution 1Z 
acts by reflection along the horizontal axis passing through the Z 2 fixed points 1 and 2 for the 
a-type and 1 and 3 for the b-type lattice. Throughout the article, we use analogous fixed point 
labels on generic tilted tori, in particular on hexagonal ones. 

If g 2 = 0, the elliptic curve exhibits an additional Z3 symmetry acting by z ^ e 2m ^ 3 z, i.e. 
it is a torus whose defining lattice is hexagonal as a special case of a tilted torus. This 
restriction is required whenever a Z 3 subgroup acts on a given two-torus. 

On the two-torus T 2 k y there is an infinite set of one-cycles specified by the coprime wrap¬ 
ping numbers and in addition by a continuous displacement parameter. The set 

of three-cycles which can be used for model building is, however, finite, since most cycles 
overshoot the RR tadpole cancellation conditions. The one-cycles which are linearly re¬ 
alised in terms of the homogeneous coordinates of the elliptic curve are just a finite set 
which depends on the complex structure. We focus on such cycles since they are rather 
easy to parametrise and since they serve our purposes sufficiently well. Basically, they are 
the “horizontal” and “vertical” cycles with wrapping numbers (n, m) = (1,0) and (0,1) for 
untilted tori or ( n,m ) = (1,0) and (-1,2) for tilted tori, respectively, which pass through 
the Z2 fixed points. The results are summarised in table 2. 

There are two special cases for the complex structure in which the number of linear one- 
cycles enhances: 


• If (73 = 0, the elliptic curve has an underlying square lattice, which is at the same time 
tilted and untilted. Thus, both types of one-cycles (aX and bX, X = I,... ,IV in 











Lag lines of b-type lattice 

Label 

Condition 

Picture 

bl 

x/v > -291(e) 

* y/' 

bll 

x/v < -291(e) 

.11 

bill 

\x/v - 291(e) 2 = e 2 + 891(e) 2 
91( x/v) > 91(e) 

_/ 

blV 

\x/v - 291(e) 2 = |e| 2 + 891(e) 2 
m(x/v) < 91(e) 

•'J ' 


Lag lines of a-type lattice 

Label 

Condition 

Picture 

al 

x/v > e 2 



all 

e 2 > x/v > e 3 


• 


alii 

e 3 > x/v > e 4 




alV 

e 4 > x/v 





(b) 

Table 2: Linearly realised Lag lines on the (a) untilted and (b) tilted elliptic curve. 


table 2 (a) and (b), respectively) can be constructed in the untilted lattice with the 
bX rotated by 45 degrees (and analogously for the tilted lattice), see figure 1 and 
appendix B. 

• If g 2 - 0, the underlying lattice is hexagonal, which is a special tilted torus. In this 
case, the Z 3 symmetry can be used to triple the amount of one-cycles. More precisely, 
we recover not only all bX cycles in table 2(b), but also their by ±4^ rotated images. 


2.1.2 T 6 /(Z 2 x Z 2iV ) as a hypersurface 

Now we construct a deformable version of T 6 /(Z 2 x Z 2 j v) with discrete torsion by starting 
with T 6 /(Z 2 x Z 2 ) with discrete torsion and modeling out the remaining Z^r symmetry 
in section 2.2. The construction of toroidal orbifolds which allow for a blow-up of the 
singularities, e.g. for models without discrete torsion, was explained in [46, 47]. The Z 2 xZ 2 
orbifold can be embedded in the toric space with weights qi shown in the following table: 


Coordinate 

x 1 ,v 1 

x 2 ,v 2 

%3,V 3 

y 

f(y,Xi,Vi) 

<?i 

1 

0 

0 

2 

4 

Q2 

0 

1 

0 

2 

4 

<13 

0 

0 

1 

2 

4 
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Here, f(y,Xi,Vi ) denotes the equation whose zero locus is the orbifold or its deformation. 
The most general form of / is 


f = -y 2 + F 1 (xi,Vi)F 2 (x2,v 2 )F 3 (x 3 ,v 3 ) 

"EE £al F ^h v i)S F j a \x j , v j )SF^ ) (x k ,v k ) 

cn,(3= 1 

+ E £ ap- y 8F^ a \x 1 ,v 1 )5F^\x 2 ,v 2 )8F^\x 3 ,v 3 ), 

a,13, 7=1 


( 8 ) 


where we use the symbol ejbi for the deformation parameter associated to the exceptional 
three-cycles £^i in equation (2). 

We explain the terms which appear in (8): 


• The F { are homogeneous polynomials of degree four as in (6). They encode the 
information on the complex structure of the i th two-torus. If we set e^ j3 = c Qj g 7 = 0, we 
see that the Xi,iy dependent part factorises into three pieces, each of them describing 
one two-torus T 2 .y However, the fact that there is only one y coordinate indicates 
that a Z 2 x Z 2 symmetry has been rnodded out. 

• The SF^ are also homogeneous polynomials of degree four such that together with 
Fi they constitute a basis of the symmetric polynomials S i (xi,Vi) of fourth order. 
Furthermore, we choose them such that 5F .and F t have the same zeros up to 
the a th one. In this way 8F corresponds to deforming the a th Z 2 -fixed point, see 
equation (11) below for details in the case with additional Z 3 symmetry. 

• The parameter is responsible for deforming the singularity with label (a/3) 
on = T 2 y x with {ijk} some permutation of {123}. Altogether there are 
3x4x4 such parameters, one for each Z 2 singularity. 

• Finally, there is the possibility for 64 terms with coefficients £ a / 3 7 . In a string model 
these are not free parameters, but are determined by such that 64 conifold sin¬ 
gularities remain at the points where the Z 2 x Z 2 singularities used to intersect, as 
argued in [44], 


One last ingredient in the hypersurface formalism is the expression for the holomorphic 
three-form. It is chosen such that on the one hand it reproduces the familiar expression 
dzi a dz 2 a dz 3 in the orbifold limit, and on the other hand contains the complex structure 


10 


moduli, and in particular the deformation moduli as parameters. In the coordinate 
patch Vi = 1 the holomorphic three-form takes the form: 

dx i a dx 2 a dx 3 

up to a normalisation constant and a possible phase. Here the function y(xi) is obtained 
by imposing / = 0 in equation ( 8 ) and fixing one branch of the square root. 

More details on the untilted square torus can be found in [41], and in appendix B we give 
a brief account on the generic case with tilted and untilted tori, introducing for the first 
time the pictorial view of Lag lines used in section 2.2 below also for the square torus. 
From the following section 2.2 onwards, our discussion in the main text focuses on hexag¬ 
onal lattices and the phenomenologically appealing T 6 /(Z 2 xZ[ x VtlZ) orientifold with 
discrete torsion. 


(9) 


2.2 Orbifolds with additional Z 3 actions: Z 2 * Zg 

Since this work focuses on models of orbifolds of type Z 2 x Zg, we want to explain their 
geometry in some more detail. The orbifold action is given by 

9 k J : * , y = 1(1, - 1 ,0), w= ^(- 2 , 1 , 1 ), (10) 

and the orbifold symmetry fixes the underlying lattice to be the root lattice of SU(3) 3 , up 
to normalisations for each two-torus, i.e. in particular all (untwisted) complex structure 
moduli are frozen such that all two-tori are hexagonal. We find the following twisted 
sectors: 

• Three Z 2 twisted sectors: 9,u} 3 ,9co 3 . Each of them has 16 fixed planes, which are 
labelled by two fixed points (a/3) with a,/3 - 1,2,3,4. The fixed point (11) on 

in the ; twisted sector stays invariant under the remaining Z 2 orbifold action, 
whereas the other 15 fixed points get mapped onto each other by the uj action as 
2 -»■ 3 -»■ 4 -»■ 2, which acts as a Z 3 on the T 6 /(Z 2 x Z 2 ) geometry. In the case with 
discrete torsion, we read off from table 1 that each of the five triplets of fixed points 
possesses one complex structure modulus or, in other words, (the Z 3 orbit of) each 
fixed point on T) 4 ,^ tensored with a one-cycle on contributes to the geometry. 

• One Z 3 twisted sector: u j 2 . It has 27 fixed points (a, (3, 7 ), labelled by a,/3 ,7 = 1,2,3 
in each two-torus, which are subject to Z 2 x Z 2 identifications, thus leaving nine fixed 
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points with one Kahler modulus each (cf. table 1). For example, if a - 1 corresponds 
to the fixed point at the origin, (111) is Z 2 x Z 2 invariant, (112) + (113) forms a pair 
under Z^, and (222)+ (233)+ (332)+ (323) forms a quadruplet under the full Z 2 XZ 2 . 
Since these lead to two- and four-cycles after blow-up, they are not interesting for 
wrapping D6-branes. 

• Three Z 6 twisted sectors: UjOuj^uj 4 . After Z 2 identifications, they have two fixed 
points: one at the origin without moduli and one coinciding with some orbit of Z 3 
fixed points with a Kahler modulus. 


We would like to reformulate the geometry with Z 3 symmetry in the hypersurface formal¬ 
ism. To do so, we specify the polynomial Fj and its deformations 3 SF^ and study the Z 3 
action on them: 

Fifa, = 4 (vixf - vf) = 4 Vi (xi - Vi) (x t - £u;) (x t - £ 2 v, : ) , 

AF ?; (1) = 4 (xf - Xivf ) , 

5F^ 2) = Av 2 (Vi - Xi) (vi - £ Xi) , (11) 

AF) (3) = Av 2 (vi - &i) (i>i - i 2 Xi) , 
hF ?; (4) = Av 2 (vi - i 2 Xi) (Vi - Xi) , 

where here and from now on we abbreviate £ = e 2 ™/ 3 . The Z 3 action on the homogeneous 
coordinates is u: 2 : (x\,X 2 ,x$) ^ £(xi,X 2 ,xs). As required, it leaves F t invariant, and the 
deformation polynomials 8F^ transform as follows: 

SF^ » £AF) (1) , 5Fl 2) » dFl 3) » AF) (4) » SF ^ 2) . ( 12 ) 

Note that the only invariant deformation polynomial is SFj 2) + 5F^ + SF^ 4 \ However, 
such a transformation must also leave the torus complex structure invariant and thus can 
be absorbed in rescalings of the coordinates. In order to deform the Z 2 singularities we 
must find invariant polynomials of the form FiSF^5F^\ cf. equation ( 8 ), which we can 
interpret as restrictions on the coefficients £ ap- We find: 


= 0 in accordance with the fact that the fixed point at the origin has no complex 
structure modulus, 


• £ 


(0 

31 


= ? 4 ? = £ 2 


(0 _. „(0 


41 


: £ 


1 


3 In order to include the additional Z 3 action with a simple deformation behaviour as in equation ( 12 ), 
the polynomials in equation ( 11 ) had to be slightly modified compared to the polynomials specified in 
equation (39) of [41], which are given in a more general form. 
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• £ 


(0 _ tAO _ C2 c (i) _. Ji) 
~ ? fc 12 “ 
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S, c 14 


=: 


-(0 _ Ji) _ AO _. -(0 

fc 22 “ fc 33 “ fc 44 fc 3 > 


JO _ JO _ JO JO 

fc 23 “ fc 34 “ fc 42 fc 4 > 


JO _ JO _ JO _. JO 

fc 24 “ fc 32 - fc 43 fc 5 J 


and for later convenience we define y i a £ 4/5 = (^ 4+5 ± ^ 4 - 5 ) /2. Note that the same 
numbering is used for (Z 3 orbits of) deformed Z 2 -singularities, i.e. for ej^ with p = 1,..., 5. 

Thus, as expected from the Hodge numbers in table 1, we find five independent deformation 
parameters in each Z 2 twisted sector. Although there was some ambiguity in the definition 
of the deformation polynomials SF^ a \ any other Z 3 invariant definition would lead to the 
same result as can be seen by explicitly counting invariant polynomials of degree (4,4,4) 
in the coordinates x^Vi. Note that the number of fixed points is actually larger than the 
number of allowed deformations. Therefore it is worth mentioning that the counting of 
deformations, which is totally independent from any string theory, agrees with the number 
of complex structure deformations obtained from conformal held theory. 

In addition, we also count the number of invariant “triple-deformation” terms (cf. equa¬ 
tion ( 8 )) by checking the restrictions on £ a py. The invariant combinations are: 


• £111, 

• £ 112 = £ £ ii3 = £ 2 £ii4 phis two combinations with permuted indices, 

• £i,a,p = £ 2 £i,a+i,/3+i = £ £ i,a+2,/3+2 and permutations where a, (3 = 2, 3 , 4 , and addition 
is modulo three, 

• £<x,p, 7 = £a+i,/9+i,7+i = ^a+2,/3+2,7+2, with conventions for a, (3, 7 as before. 

This gives a total amount ofl +3 + 9 + 9 = 22 allowed parameters, compared to 64 parameters 
on the Z 2 x Z 2 orbifold. The 64 corresponded to the number of fixed points under the whole 
Z 2 x Z 2 orbifold group. The remaining Z3 action leaves the one Z 2 x Z 2 fixed point at the 
origin invariant and identifies the other 63 fixed points in triplets, thus we find 22 such 
enhanced singularities on Z 2 x Zg, in agreement with the number of allowed parameters. 
Therefore a proper tuning of the parameters can indeed ensure that the deformation 
space has 22 conifold (or worse) singularities. 
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Restrictions on the deformation parameters of T 6 /( Z 2 * Z') 

P 

Parameter identifications 

Parameter range 

Exceptional wrapping numbers 

1 

£ P W _ P (») _ t2 P W 

S fc 21 fc 31 “ S fc 41 

R 

(i) (0 

,y\ 

2 

t P W _ P (d _ t2 P (0 

S fc 12 - fc 13 S fc 14 

R 

(i) (t) 

3 

P (b _ P (b _ P (0 

fc 22 - fc 33 “ fc 44 

R 

T (b 7/ (0 

x 3 > 1/3 

4,5 

P (0 _ P (0 _ P (0 _ P (b _ P (0 _ P (b 

fc 23 " fc 34 “ fc 42 ~ fc 24 “ fc 32 “ fc 43 

C 

(i) (i) (i) (i) 

^4 5 i/4 5^5 5 i /5 


Table 3: Z 3 and Q1Z restrictions on deformation parameters and wrapping numbers for the 
associated exceptional three-cycles. 


2.2.1 Orientifold involution 


The orientifold involution acts on the homogeneous coordinates by complex conjugation, 
cr-ft : (y,x.i,Vi) (y,Xi,Vi). For this to be a symmetry of the hypersurface we require 
a-jz(f) = /, which implies that all parameters of the polynomial / must be real. In the 
case of the undeformed orbifold, this means that each two-torus must be of rectangular or 
tilted shape, in accordance with the original argument that the anti-holomorphic orientifold 
involution acts as automorphism on the compactihcation lattice [48-53]. Furthermore, 
we find restrictions on the deformation parameters which we discuss explicitly for the 
hexagonal case. The orientifold involution acts on the deformation polynomials given in 
equation ( 11 ) as follows, 


SF 


(i) 


5Fi 


(i) 


SF, 


( 2 ) 


SF^ , 


5F i 


(3) 


SR 


(3) 


SR 


(4) 


SF % 


( 2 ) 


(13) 


which reflects the fact that the Z 2 fixed points 1 and 3 are mapped onto themselves whereas 
the Z 2 fixed points 2 and 4 get mapped onto each other, see the right hand side of figure 1 
for the fixed point labels used for the depicted tilted quadratic as well as for the hexagonal 
A-type lattice , 4 which has an angle of 7 r /3 instead of 7 r /4 among the basis one-cycles Hi 
and 7 r 2 shown in figure 1. In case of the T 6 /(Z 2 x Z' 6 ) orbifold, the Z 3 c Z' 6 and orientifold 
symmetries lead to the restrictions on the deformation parameters as summarised in table 3. 


One finds that, in each twisted sector, there are three Z 3 -triplets of Z 2 fixed points which are 
preserved by the orientifold involution and thus are restricted to have one real deformation 
parameter each, while the remaining two triplets of Z 2 fixed points are exchanged by the 
orientifold involution, leading to only one complex deformation parameter. To summarise, 

Analogously to the square tori of a- and b-type, there exist two orientations of hexagonal lattices, 
specified as A- and B-type, with the one-cycle 7 r 2 at angle n/3 and 7 t/6 , respectively, with respect to the 
^-invariant direction spanned by 7Ti. 


14 

















Figure 2: The blue regions represent 
the areas of positive values of y 2 {xi). 
These are the positions of the four mu¬ 
tually non-adjacent octants in the real 
.Ti-X 2 -X 3 -plane, which coincide with 
the position of the 06-planes. As 
detailed in table 4, the intersections 
of the octants are at the coordinates 
Xi = 1, oo. 


the orientifold involution reduces five complex deformation parameters to three real ones 
plus a complex one. The resulting hypersurface equation for deformations restricted to 
just one Z^ sector is shown in equation (26) in appendix A. 


Orientifold plane and sLag cycles: Having fixed the orientifold action and its restric¬ 
tions on the deformation parameters e^l, we now determine its fixed set, i.e. the set of 
06-planes. Since the Z 2 x Z 2 action is automatically built in the hypersurface formalism, 
we have to consider the fixed sets of cr^ times all Z 3 elements. 5 However, since the Z 3 
element uj 2 maps the 06-planes from the sectors cr^, a-jiu 2 and cr^o; 4 onto each other, it 
is sufficient to consider only a-ji 06-planes. It is then convenient to go to a coordinate 
patch where Vi 4 0 and use the (C*) 3 action to set = 1. Therefore, the 06-planes lie 
in the three-plane spanned by the real xi,x 2 ,x 3 coordinates and, more precisely, they are 
the subset of that plane where y 2 , written as a function of the Xi by equation (8), is posi¬ 
tive. At the orbifold point, this area consists of four mutually non-adjacent octants of the 
three-plane, separated by the coordinate planes, see the blue coloured regions in figure 2. 
This is a three-dimensional generalisation of figure 3 in [41]. In terms of toroidal wrapping 
numbers the four (Z 3 orbits of) 06-planes for the so-called AAA-orientation 6 of 

the hexagonal lattice are given in the following table: 

5 Together, the orientifold and the Z 3 groups combine to the symmetric group S 3 . 

6 In [16] it was shown that the a priori four different choices of background lattice orientations boil down 
to two physically distinct sets AAA <-> ABB and AAB <-»• BBB. The first set turns out to be favoured 
by model building with a minimal (or vanishing) amount of exotic matter charged under the QCD-stack, 
and the choice of the S27?.-orbit as exotic 06-plane orbit allows for the maximal possible rank 16 of the 
overall gauge group. The explicit models in section 3 refer to this particular choice of background. 
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Orientifold sector 

06-plane charge 

Wrapping numbers 

077 

r Hm 

(1,0;1,0;1,0) 

077ZS, 1} 

^n7ez( 1) 

(l,0;-l,2;l,-2) 

077Zf, 2) 


(1,-2; 1,0;-1,2) 

077Zj, 3) 


(-1,2; 1,-2; 1,0) 


Each of these cycles is undisplaced so that it passes only through the fixed points 1 and 
3 in each two-torus, either “horizontally” or “vertically”. Furthermore, we introduced 
the 06-plane charges in the second column which can take the values +1 (normal 06- 
plane) or -1 (exotic 06-plane). These charges are related to the discrete torsion as ij = 
ho7e'h r2ra ( 1 ) ? 7^ ra ( 2 )' , / r2ra ( 3 )) so i n our case (he. with discrete torsion) we must choose one of 
the 06-planes to be exotic 7 . Since the 06-planes are their own Z 2 x Z 2 images, they seem 
to be fractional cycles which contain contributions from exceptional three-cycles. However, 
CFT calculations show that the Klein bottle and Mobius strip amplitudes do not have any 
contribution from twisted sectors in the tree channel (see e.g. [4, 5]), thus the sum of all 
06-planes is topologically a (fraction of a) pure bulk cycle. 


The complete set of linearly realised cycles on each hexagonal two-torus is displayed in 
table 4 as well as depicted in figures 3 and 4. We observe that in the hypersurface language 
all undisplaced cycles (labelled bl and bll) are represented by straight lines, whereas the 
displaced cycles (labelled bill and blV) correspond to arcs of circles centred around a 
third root of unity. I 11 fact, there are automorphisms which exchange the displaced and 
undisplaced cycles corresponding to shifts by half lattice vectors on the torus. These maps 
are linear in x, v, so after fixing v = 1 they become Mobius transformations: 


a*: x 


x ~ f 


i - 2,3,4, 


(14) 


such that a.i shifts the fixed point 1 to fixed point i, see figure 5. These transformations 
will be used to find parametrisations for displaced cycles. 


The full set of linearly realised sLag cycles on the six-torus or its Z 2 x Z 2 at orbifold is 
obtained by combining three of those cycles under the condition that their angles 8 sum up 
to zero mod 2n. Let us count the total number of such cycles. A priori, there are twelve 
cycles per two-torus, leading to 12 3 = 1728 cycles on the six-torus. The Z 3 c Zg subgroup 

7 The choice of three exotic 06-planes does not allow for supersymmetric D6-brane solutions to the bulk 
RR tadpole cancellation conditions, see [7, 29, 16, 18] for details. 

8 The angle cf> w.r.t. the horizontal axis per two-torus is obtained from the wrapping numbers by 
tan (f> = \/3m/(2n + m) on the hexagonal lattice. 


16 











Im x 


bi+\ biv+ 

V. 

'' * \ 

■ .bin 0 / \ 

bll° . * \ 

■ \ 

/bll 

M 

M 

t 

* ' A - «. 

M * 

M 

% % / bill 

f \ 

/ \ 

/ '' \ bl° 

( y -"— 

M 

1 / 

\ ^60 — 1 .' Re 

* / 

\ ^ 3 
\ f 

\ / 
i / 

\ * * bill 1 

I 4 

/'biv° 

\ » 

blV \ / 

V. - ■' 

bl / 
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Figure 3: All linearly realised Lag lines of the hexagonal lattice in the complex x-plane (with 
v = 1 ). 

identifies them in triplets, leaving 576 Lag cycles on the orbifold. The sum of the angles 
over the three two-tori takes six discrete values {0, ±|, ±|, f} modulo ir, corresponding to 
six different calibrations. Thus, for a given calibration, we find 96 sLag cycles. These are 
precisely all the fractional sLag cycles of minimal and next-to-minimal length. 

On the deformed space the 06-planes are still determined by the region in the real Xi,X 2 , X 3 
plane where y 2 > 0, but in general the boundary 9 {y = 0} has a more complicated shape. At 
the orbifold point, the surface {y = 0} splits into six separate components, given by x* = 1 
and Xi = 00 , whereas after switching on deformations the polynomial y(xi), defined by 
equation (8), factorises into fewer parts, and the formerly separate components combine. 
For a generic deformation, {y = 0} has only one irreducible component. As a consequence, 
the regions corresponding to the 06-planes can merge together or get separated. This 
discussion also applies to other linearly realised sLag cycles, i.e. (partially) displaced ones, 
via the transformations (14). More concretely, the consequences for D6-branes wrapping 

9 The 06-planes, like all other sLag three-cycles, only have boundaries {y = 0} after projecting to the 
Xi~ plane. In the full geometry spanned by this boundary becomes a branching surface such that 

all cycles are closed. 
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Im x 



Figure 4: All linearly realised Lag lines of the hexagonal lattice with a given calibration phase, 
depicted in the complex x-plane (where the illustration for the phase e +27r */ 3 is omitted). In 
comparison to figure 3, one easily sees that the Lag lines of figure 4a and 4b are by 7 t/ 3 rotated 
versions of each other, as detailed in table 4. 



Figure 5: Action of half-lattice shifts a* on Z 2 fixed points on a tilted two-torus (left figure), and 
complex conjugation of the transformations a* (right figure). 

such cycles are discussed in section 3.2.2. 


2.2.2 Deformations of Z 2 x Z 6 


As a cross-check, we repeat the same counting for the other T 6 /(Z 2 x Zq) orbifold with 
twist vectors v = |(1,-1,0) and w = |(0,1,-1). Here the additional Z 3 symmetry acts 
as lu 2 : (xi,x 2 ,x 3 ) h* (xi,£x 2 ,t; 2 x 3 ). Using the same deformation polynomials as for the 
T 6 /(Z 2 x Zg) orbifold (equation (11)), we observe that the deformation polynomials SF^ 
in the first two-torus are invariant, SF^ transform according to equation (12) and 5F ^ 
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transform backwards compared to equation (12). Hence, we find the following deformations 
of cycles containing Z 2 fixed points on : 












is unrestricted, 

the remaining get identified in triplets similarly to the other Z 2 x Zg orbifold, 

are forbidden, 

J2) _ _(2) _ (2) 

fc 2/3 fc 3/3 fc 4/3 > 

the restrictions on are the same as for . 


To sum up, in the Z^ sector there are six possible deformations, whereas in each of the 
Z( 2 ° r 3) sec ^- ors we f oul - ; j n agreement with table 1. Again, the purely geometrical 
counting of deformations in the hypersurface formalism matches exactly the moduli from 
the conformal held theory. 

The anti-holomorphic orientifold involution reduces here as well the complex deformation 
parameter to a real one if the Z 3 -orbit of Z 2 fixed points is preserved, and it identifies the 
two complex parameters if two Z 3 -orbits are exchanged by the orientifold involution. 
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Properties of all linearly realised Lag lines on the hexagonal torus 


Wrapping numbers 

Displacement 

Equation in x 

Label 


±(1,0) 

0 

x>\ 

bl° 

* / 

1 

|x - 1 2 = 3,91(x) < —1/2 

bill 0 

/. / 

±(-1,2) 

0 

x < 1 

bll° 


• 

7 

1 

[x - 1 2 = 3,91(x) > —1/2 

bIV° 


7 

±(0,1) 

0 

£ 2 x > 1 

bl" 

/ • / 

1 

|£ 2 x - 1 2 = 3,9a(£ 2 x) < -1/2 

blip 

/// 

±(2,-1) 

0 

£ 2 x < 1 

blP 

.. 

1 

|£ 2 x - 1 2 = 3,91(£ 2 x) > -1/2 

blV- 


±(1,-1) 

0 

&>1 

bl + 

/V 

1 

iex-i| 2 = 3,9i(ex)<-i/2 

bIII + 

x-y 

±(1,1) 

0 

^<1 

blP 


1 

iex-i| 2 = 3,m(ex)>-i/2 

bIV + 

.77 


Table 4: Linearly realised Lag lines on the hexagonal torus. The constraint equations on the 
variable x describe straight lines (without displacement) or arcs (with displacement), see hgures 3 
and 4. 
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3 Concrete Models 


In this section, we want to apply the formalism from the previous section to deform the 
singularities of some concrete models. For this we choose three toy models with D6- 
branes wrapping orientifold invariant three-cycles, where new models containing SO (21V) 
and USp(21V) gauge groups are described in section 3.1 and a semi-realistic model with 
Pati-Salam spectrum is shown in section 3.2, which was first presented in [16]. In each 
of these models, the lattice orientation is AAA, and the exotic orientifold-plane is chosen 
to be 07 Z, i.e. h nra 0 ), r l nn7 p ), r ) nnz <Y ) = (-1,1,1,1)- The RR tadpole cancellation 
conditions are summarised” in tables 5 and 6. Note that the twisted RR tadpole cancellation 
conditions are homogeneous reflecting the fact that the 06-plane does not wrap exceptional 
cycles. 


Global bulk consistency conditions on T 6 /( Z 2 x Zg x Ml) with discrete torsion (77 = -1) 

Lattice 

Bulk RR tadpole cancellation 

SUSY: necessary 

SUSY: sufficient 

AAA 

Ea N a (2 X a + Y a ) = 4 (jinn + 3 Ei=i 7o KZ c) ) 
E a N a (2 X a + Y a ) = 32 

O 

II 

2 X„ + Y a > 0 


Table 5: Bulk RR tadpole cancellation and supersymmetry conditions on the orientifold 
T 6 /(Z 2 x Zg x Q1Z) with discrete torsion (?) = -1). The Z 3 invariant bulk wrapping num¬ 
bers are defined (see [29, 16]) as X a = n\n 2 a nl - m\m 2 a ml - Z(ijk ) cyclic perm. of(i23) n l a m 3 a m k a and 
Y a =Y,(ijk)^( 123 ) cyciic( n a n a m a + n \mP a rn^j. The examples in sections 3.1 and 3.2 are valid for the 
choice of exotic 06-plane ( 77 ^, V nnz (i) , 7 n 7 ez ( 2 ), r l nnz (3) ) = (- 1 , 1 , 1 , !)• 


Twisted RR tadpole cancellation conditions on T 6 /( Z 2 x Zg x MR.) with discrete torsion (77 = -1) 

i 

p 

AAA 

1 , 2,3 

1 , 2,3 

T, a N a (1 - V(i)) Xpl - VipVpl = 0= Y,a N aO- + ri(i))y < p}a 1 Y. a N a 2 X% + 7/£o =0 

1 , 2,3 

4,5 

Y, a X a [(2 4]a + V^a) ~ 7(i) (2 + 4^)] = 0 = Ea X a + ??(i) V^a 

E a N a [ 2 (!« + 41) + + ] = 0 = E a N a \y® - 



Table 6 : Twisted RR tadpole cancellation conditions on T 6 /(Z 2 x Zg x MZ) with discrete torsion 
(77 = -1). The choice of exotic 06-plane enters via the sign factor 77^) = 77^ • € {±1}- The 

2 (z) 

examples in sections 3.1 and 3.2 have 7771 ) = r]^) = 7 ( 3 ) = - 1 - The five Z 3 -orbits per Z[> ; twisted 
sector are labelled by the first lower index p e {1... 5}. 


For later convenience, the orientifold-even bulk and exceptional wrapping numbers can be 
read off from the RR tadpole cancellation conditions in tables 5 and 6, i.e. for the choice 
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of exotic 06-plane r)nn = -1 one obtains 


[2 X a + Y a ], 2x ( P i + y { p} a for p = 1,2,3, yQ-yi% 2{x { £ a + + (y^ a + yQ), (15) 

while the orientifold-odd bulk and exceptional wrapping numbers for r)cm = -1, 

Y a, Vpi for p = 1,2,3, y[ l) a + y®, 2(x^ a - a£>) + (y^ a - yQ), (16) 


can be found in [54, 45]. Since supersymmetry breaking by deformations is tied to U(l) 
gauge groups, which in the effective held theory appears as Fayet-Iliopoulos term as we 
will argue in detail in section 3.2.2, we expect that the number of stabilised deformation 
parameters is set by the number of independent non-vanishing orientifold-odd wrapping 
numbers. We will now verify this claim in two classes of examples presented in sections 3.1 
and 3.2, which consist entirely of products of the linearly realised Lag cycles of table 4. 


Deformations in the local picture: For simplicity, it is best to first discuss each 
deformation separately in a local patch and focus on the global picture later. To start 
with, we zoom in on one particular fixed point, say (333), but any other fixed point can 
as well be accessed by the shift transformations in equation (14) with the only difference 
being the restrictions on the respective deformation parameters. Locally, the singularity 
can be described by the simplified hypersurface equation 

y 2 = X 1 X 2 X 3 - £^Xi - £( 2 ' , X 2 - £^x 3 + £, (17) 

where £ = 2\/el 1 )^ 2 )^ 3 ) (and indices a,/3 of £ Y l are omitted), which can be achieved by 
a proper rescaling of the Xi coordinates, setting z\ = 1 and expanding around Xi = 0. We 
focus on deformations in one 7 L 2 twisted sector by setting W 1 ) = £ l 2 ) = 0 such that x 3 
factors out and we can work in the x\-x 2 plane. At the orbifold point, we then recover the 
fractional cycle Lb with wrapping numbers (1,0; 1,0) at Xi, x 2 > 0 (in the local picture) and 
the fractional cycle H 2 with wrapping numbers (-1,2; 1,-2) at Xi, x 2 < 0. The orientifold 
symmetry requires the deformation parameter to be real. Then both of these cycles 
are described by x\ ■ x 2 > 0, however, we find different behaviours for the two sign choices 
of £( 3 ): 


• For el 3 ) > 0, the cycles IT; are still two separated cycles with obviously no intersection 
point in the hypersurface formalism. In [41] it was shown that in this case both 
cycles have a minus sign in front of the exceptional part, which topologically explains 
their zero intersection. In addition, we recover the exceptional cycle by the equation 
X\ = T7 and find that it is sLag. As a consequence, both cycles Ilj remain sLag upon 
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this deformation. For our choice of exotic O-plane {pwi = -1), the cycles e ^ = \ 23 are 
orientifold-even and thus sLag, therefore we find the restrictions 23 > 0. 

Further details are discussed in section 3.1. In particular, the 06-planes can never 
wrap such a cycle since otherwise they would contain an exceptional contribution. 

• For eO) < o the situation at first looks similar, but turns out to be completely different. 
The exceptional cycle is now given by X\ - -x^ and is only Lag, but not sLag , i.e. it 
has the wrong calibration. Consequently, the fractional cycles fl; are no longer sLag 
since their bulk part and exceptional part are differently calibrated, ffowever, if we 
take both cycles together such that the exceptional part cancels out, we recover one 
big merged sLag cycle hi! + n 2 . 

When the orientifold involution maps two distinct cycles onto each other, the corresponding 
deformation parameter may in general take complex values, as happens for fully displaced 
cycles in tilted tori. If we write eC) = |e( 3 )|e*^, the exceptional cycle is given by X 2 = e^xi, 
which, when inserted into the holomorphic two-form, shows that the two-cycle is calibrated 
with phase e*^/ 2 . In the Z 2 x Zg geometry this is the case for the cycles e^l 45 , which can 
topologically be decomposed into orientifold-even and -odd parts ± 

For the other exceptional cycles, the calibrations are fixed by the choice of the exotic O- 
plane. Concretely, e.g. the cycles ®7r 5 come in three calibrations (remember £ = e 27 ™/ 3 ): 

• 1 ; e i s, 631 , e 33 , 

• 612, e 2 i, e 22 , 

• £ 2 : ei 4 , e 4 i, 644. 

Exceptional three-cycles with a differently oriented one-cycle (n 3 7 t 5 + m 3 7 r 6 ) then have 
calibration multiplied by the angle of the one-cycle. Finally, we briefly show how the 
exceptional cycles can be accessed in the global geometry and what restrictions have to be 
imposed on the deformation parameters. For convenience we focus on the Z 2 J sector and 
drop the correspondig sector indices, but the other Z 2 sectors work completely analogously. 


Exceptional Cycle 3 The easiest cycle to describe is e 3 (i.e. p = 3 in table 3), which in 
two-index notation is represented by e aa , a = 2,3,4. It is described by the equation x\ = x 2 
for those deformations which leave the symmetry x\ ++ x 2 invariant (cf. equation (26) in 
appendix A). These are given by the restrictions £\ = e 2 and £ 4-5 = 0. In this case, we find 
a sLag cycle growing around the fixed point X\ = x 2 = 1 for positive deformation parameter, 
i.e. £ 3 > 0 . 
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Exceptional Cycles 4 and 5 In each four-torus, the cycles e 4 and e§ are orientifold 
images of one another, which implies that the holomorphic two-form 10 ff 2 on e 4 is the 
complex conjugate of 0 2 on e$. To parametrise the cycles e 4 , e$ we apply the shifts a 2 on 
X\ and 014 on x 2 , which moves the fixed point (42) to the spot aq = x 2 = 1. Then the cycle 
e 4 is described by o; 2 (aq) = « 4 (x 2 ). Since a 2 / 4 are complex conjugates of one another, this 
description only holds if the deformation preserves the symmetry aq «-> af 2 as for e 3 . 


Exceptional Cycles 1 and 2 Directly accessing the cycles e 4 and e 2 turns out to be 
difficult. Naively they would be described e.g. by the equation aq = a 3 (a; 2 ), however, 
this does not work since it is not the fixed set of an antiholomorphic involution. Luckily, 
there is another way to compute the volume. For this, consider the fractional two-cyclc 
with wrapping numbers (1,0; 1,0), no displacement, and without Wilson lines. It has the 
decomposition II 0 = | (n 13 - e 43 - e 34 - e 33 ). This cycle lies in the real aq - aq-plane for any 
type of deformation, and we can always describe it in the hypersurface formalism and in 
particular compute its volume. Furthermore, we will see in section 3.1.2 and in figure 6 
how to compute the volume of II 43 for any deformation, thus we can consider the linear 
combination IIi 3 - 2IIo and obtain the volumes of e 4 , e 2 or e 3 if we deform each of the 
associated Z 2 singularities separately. 


3.1 SO and USp models 

We present here two classes of toy models whose gauge group contains only SO(21V) or 
only USp(21V) factors. These gauge groups are lacking a central U(l) factor such that the 
moduli are completely neutral. Therefore, there are no D-terms in the low-energy effective 
action, which could provide a potential for the deformation moduli. We thus expect all 
deformations to preserve the sLag property. 


3.1.1 The USp(8) 4 and SO(8) 4 models at the orbifold point 

In order to realise a SO(2 N) or USp(21V) gauge group by some brane configuration, the 
D 6 -brane stack must be either parallel or perpendicular to the 06-planes, which fixes the 
bulk wrapping numbers. We choose here the most simple configuration of solely orientifold- 
invariant D 6 -branes whose twisted RR tadpoles cancel by having an equal number of each 
type with Z 2 x Z 2 eigenvalues in {(+,+),(+,-),(-,+),(-,-)}. In this way, the bulk RR 

10 Here n 2 can be thought of as n 3 integrated over a one-cycle on the remaining two-torus. 
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tadpole cancellation conditions in table 5 dictate a total number of 16 D 6 -branes which 
are distributed in four stacks of four branes each. In addition, orientifold-invariance of the 
exceptional parts of the three-cycles poses constraints on the displacement and Wilson line 
parameters [29, 16]: 


(V(1)j V(2)j 4(3) ) = (-(-1)‘ 






T 


(18) 


where we defined = r]^ ■ as before. These conditions depend on the choice of 

exotic 06-plane, which in our case leads to r/p) = -1, for i = 1,2,3. Thus, the products 
u l ■ t 1 must be identical for all i. Then the case a 1 ■ t 1 = 1 leads to SO-type gauge groups, 
whereas for cr*-r* = 0 one obtains USp-type gauge groups, as can be verified by the method 
of computing the corresponding beta-function coefficients presented e.g. in [30, 16]. The 
twisted RR tadpole cancellation conditions in table 6 require to choose the displacements 
and Wilson lines to be the same for all 16 branes, after we confined to four stacks with 
different Z 2 x Z 2 eigenvalues. The full configurations of the models la, lb and lc are shown 
in table 7. 


Model 1: D6-brane configuration with USp(8) 4 or SO(8) 4 gauge group 


Wrapping numbers 

Angle 

7 r 

eigenvalues 

( f ) 

( 0 ) 

Gauge group 

Model la 

®1...4 

(1,0;1,0; 1,0) 

(0,0,0) 

(+ + +) 
(+--) 

(- + -) 

(--+) 

(t 1 , t 2 , t 3 ) 

(0,0,0) 

USp(8) 4 

Model lb 

5i...4 

(1,0;1,0;1,0) 

(0,0,0) 

(+ + +) 

(+--) 

(- + -) 
(--+) 

(1.1.1) 

(1,1,1) 

SO(8) 4 

Model lc 

&1..A 

(1,0;1,0;1,0) 

(0,0,0) 

(+ + +) 

(+--) 

(- + -) 

(--+) 

(0,0, t) 

(1,1,0) 

USp(8) 4 


Table 7: D6-brane configuration with four 077-invariant D-brane stacks yielding the gauge group 
USp(8) 4 or SO(8) 4 depending on the choice of discrete Wilson lines (f) and displacements (a). 
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The orientifold invariance of each stack of D6-branes implies that all orientifold-odd com¬ 
binations of wrapping numbers in equation (16) vanish, cf. tabic 8 to tabic 13. Therefore, 
we expect that all 5+5+5 deformations of Z 2 singularities in these three models constitute 
flat directions. Said differently, we anticipate that D-branes of USp- or SO-type do not 
contribute to the stabilisation of moduli at the orbifold point. 


Bulk and exceptional wrapping numbers of Model la, Part I 


N 

X 

Y 

r (l) 

x i 

T (l> 

T (l) 

x 3 

r (D 

r (D 

x 5 

y\Y 

CL\ 

4 

1 

0 

nr 2 

(-1 r 3 

(_l)+ + r 3 

0 

0 

0 


4 

1 

0 

nr 2 

nr 3 

(_l)+ + r 3 

0 

0 

0 


4 

1 

0 

(-1) t2+1 

(-1) t3+1 

(_-Qt 2 +t 3 +1 

0 

0 

0 

04 

4 

1 

0 

(_l)r 2 + 1 

(-1) t3+1 

(_-Qt 2 +t 3 +1 

0 

0 

0 


Table 8: Bulk wrapping numbers and Z^ exceptional wrapping numbers of Model la. 


Exceptional wrapping numbers of Model la, Part II 


X ( 2) 

r (2) 

x 2 

r (2) 

t (2) 

*^4 

r (2) 

x 5 

v {2) 

4 3) 

r (3) 

r (3) 

t (3) 

U/4 

r (3) 

v {3) 

a 1 

(-i ) r3 

(-i) rl 

(_l)r 3 + r 1 

0 

0 

0 

(-i) ri 

(-I )" 2 

(-iy 1+ r 2 

0 

0 

0 

a 2 

(-l ) r3+1 

(-i ) rl+1 

^_-Qt 3 +t 1 +1 

0 

0 

0 

(-i) ri+i 

(-i ) r2+1 

-Qt 1 +t 2 +1 

0 

0 

0 

a 3 

(-1K 

(-i) rl 

(_l)r 3 +r 1 

0 

0 

0 

(-i) ri+i 

Hr 2+l 

^_^t 1 +t 2 +1 

0 

0 

0 

&4 

(-l ) r3+1 

Hr 1+1 

^_] l ^t 3 +t 1 + 1 

0 

0 

0 

(-i) ri 

(-i ) r2 

(-1 y 1 ** 

0 

0 

0 


Table 9: Z^ and Z^ exceptional wrapping numbers of Model la. 


Bulk and exceptional wrapping numbers of Model lb 

1 , Part I 


N 

X 

Y 

r (i) 

x i 

r (l) 

x 2 

r (D 

x 3 

r (D 

r (D 

x 5 

+ 

+ 

+ 

+ 


d\ 

4 

1 

0 

0 

0 

-1 

-1 

0 

0 

0 

0 

1 

-1 

5*2 

4 

1 

0 

0 

0 

-1 

-1 

0 

0 

0 

0 

1 

-1 

4.3 

4 

1 

0 

0 

0 

1 

1 

0 

0 

0 

0 

-1 

1 

Ct4 

4 

1 

0 

0 

0 

1 

1 

0 

0 

0 

0 

-1 

1 


Table 10: Bulk wrapping numbers and Z^ exceptional wrapping numbers of Model lb. 
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Exceptional wrapping numbers of Model lb, Part II 


X® 

r (2) 

r (2) 

x 3 

r (2) 

*^4 

r (2) 

X 5 

(2) 

Vi 

(2) 

Vi 

(2) 

2/3 

(2) 

y\ 

(2) 

2/5 

4 3) 

r (3) 

x 2 

r (3) 

x 3 

r (3) 

-b 4 

r (3) 

X 5 

(3) 

y\ 

(3) 

2/2 

(3) 

2/3 

(3) 

2/4 

(3) 

2/5 

ai 

0 

0 

-i 

-l 

0 

0 

0 

0 

i 

-1 

0 

0 

-l 

-1 

0 

0 

0 

0 

1 

-1 

a 2 

0 

0 

l 

l 

0 

0 

0 

0 

-i 

1 

0 

0 

l 

1 

0 

0 

0 

0 

-1 

1 


0 

0 

-i 

-l 

0 

0 

0 

0 

i 

-1 

0 

0 

l 

1 

0 

0 

0 

0 

-1 

1 

<24 

0 

0 

l 

l 

0 

0 

0 

0 

-i 

1 

0 

0 

-l 

-1 

0 

0 

0 

0 

1 

-1 


Table 11: zjf'* and Z^ exceptional wrapping numbers of Model lb. 


Bulk and exceptional wrapping numbers of Model lc, Part I 


N 

X 

Y 

r (l) 

X 1 

T (l) 

d/ 2 

r (l) 

x 3 

T (l) 

«^4 

T (l) 

x 5 

d 0 


I4 1 ’ 

y? 


Oi 

4 

1 

0 

-1 

0 

0 

0 

(-1 ) T+1 

0 

0 

0 

(-!) T+1 

("I ) T 

d -2 

4 

1 

0 

-1 

0 

0 

0 

(-1) T+1 

0 

0 

0 

(-!) T+1 

(-1) T 

a 3 

4 

1 

0 

1 

0 

0 

0 

(-1) T 

0 

0 

0 

("1) T 

(- 1) T+1 

CI 4 

4 

1 

0 

1 

0 

0 

0 

(- 1 ) T 

0 

0 

0 

(- 1 ) T 

(- 1) T+1 


Table 12: Bulk wrapping numbers and Z^ exceptional wrapping numbers of Model lc. 


Exceptional wrapping numbers of Model lc, Part II 


x[ 2) 

r (2) 

*^2 

r (2) 
x 3 

r (2) 

^4 

r (2) 

( 2 ) 

2/1, ..,5 

x (3) 

r (3) 

r (3) 

x 3 

t (3) 

«^4 

r (3) 

(3) 

y\ 

(3) 

y\ 

(3) 

2/3 

(3) 

y\ 

(3) 

2/5 

CL\ 

0 

-l 

0 

(-i) T 

(-1) T 

0 

0 

0 

-1 

-1 

0 

0 

0 

0 

l 

-1 

CL2 

0 

l 

0 

(-!) r+1 

(-!) T+1 

0 

0 

0 

1 

1 

0 

0 

0 

0 

-l 

1 


0 

-l 

0 

(-1) T 

(-l) r 

0 

0 

0 

1 

1 

0 

0 

0 

0 

-l 

1 

04 

0 

l 

0 

(— l) r+1 

(-1) T+1 

0 

0 

0 

-1 

-1 

0 

0 

0 

0 

l 

-1 


Table 13: Z.^ and Z® exceptional wrapping numbers of Model lc. 


27 






3.1.2 Deformations of the models with USp(8) 4 or SO(8) 4 gauge group 

Before we discuss deformations in these models, we first show how to access the relevant cy¬ 
cles. In the SO-model, all D-branes wrap cycles with bulk wrapping numbers (1,0; 1,0; 1,0) 
which are displaced. To access them in the hypersurface formalism we would have to apply 
the shifts «2 or aq, see equation (14) and figure 5, which lead to complex coefficients in 
the hypersurface equation for any of the deformations. Thus, these cycles are not easily 
described in the real aq-plane. Instead, we can take the decomposition of these cycles into 
bulk and exceptional parts and compute their volumes individually. The description of the 
exceptional parts was already discussed. For the bulk cycle II 135 , one could in principle use 
any representative, but for technical reasons there is one especially suitable representative, 
as we will demonstrate now. 


Im x 



Figure 6 : The right picture shows the fundamental region of the hexagonal two-torus, and the 
left picture shows its image via the Weierstrass p-function into the complex a;-plane for v =1. In 
order to describe the bulk part of the displaced fractional cycle bill 0 , we move it away from the 
fixed points (cycle C\). The most useful representative for this cycle within the same homology 
class is C 2 , which passes through the fixed point 1 located at x = 00 in the complex x-plane (left 
figure) or at the origin of the fundamental domain of the two-torus (right figure), and through the 
Z 3 fixed points 3 (both in the origin of the x-plane, but separated in the fundamental domain). 
As discussed further in the main text, the sought-after integral is topological, i.e. f c H 3 = J c fl 3 . 


The situation is depicted in figure 6 . A priori, any closed cycle in the real x-plane, which 
encircles the two fixed points e 2 ,4 located at x - £ and x = £ 2 exactly once while not crossing 
the line x > 1, is a representative of the required bulk one-cycle. The bulk two- or three- 
cycles are simply products of such one-cycles. Now we want to integrate the holomorphic 
three-form over these cycles, see equation (9). For technical reasons, it is useful to select 
a path which avoids the zeros of the real part of y. The ideal choice for this are straight 









lines in the complex x-plane through the origin with slope e ±l7r / 3 , see path C 2 hi figure 6 . 
These straight lines pass through the 7L§ fixed point at x = oo as well as the Z 3 fixed points 
at x - 0 , which are all not deformable, cf. table 1 , and thus do not influence the value of 
the integral. Intuitively, this is the path which has the maximal distance to the deformable 
Z 2 fixed points and thus is least influenced by their deformations. Although this cycle 
itself is not sLag , it is in the same homology class as the “horizontal” sLag cycle (called 
Ci in figure 6 ) and thus leads to the same value for the integral of the closed holomorphic 
three-form, i.e. f c Q.-> = f c Q 3 . 

Now we are ready to compute the periods of the holomorphic three-form on the cycles 
wrapped by D 6 -branes. After normalisation to Vol(II frac ) = 1 at the orbifold point, the 
calculations can be reduced to six cases. The exact formulas for the deformation polyno¬ 
mials and in particular for are given in appendix A. In figures 7 we plotted the change 
of the volume of “horizontal” fractional cycles with exceptional wrapping number = 1 
(figure 7a) and x^ = -1 (figure 7b), depending on the deformation parameter ef*. Note 


Vol 



(a) Normalised periods of SI3 on fractional 
sLag cycles of the form Ilhorizontai + ei^ plotted 
against e^\ 



(b) Normalised periods of LI3 on fractional 
sLag cycles of the form Ih 10 rizonta.] -e)*' 1 plotted 
against . 


(i) 

Figure 7: Integrals of CI 3 on “horizontal” fractional sLag cycles, depending on e) . 


that this does not only hold for all sectors (i = 1,2,3), but also for replacing the 
cycle index p - 1 -> p - 2 due to the permutation symmetry of the two-tori. As was also 

noticed in [41], the volume grows / shrinks with a ±\J behaviour, which continues up 
to relatively large deformations of ef* ^ 1 . 


Similarly, figures 8 show the variation of the volume of fractional “horizontal” cycles with 
exceptional wrapping number = ±1 in dependence of £ 3 ^. Again, the growth is of 
square-root type at the beginning, but now goes over to an almost linear graph when 
leaving the small-deformation regime. 
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(a) Normalised periods of SI3 on fractional 
sLag cycles of the form IIhorizontai + £3 plotted 
against £3^. 


Figure 8: Integrals of 173 on “horizontal” 



(b) Normalised periods of ^3 on fractional 
sLag cycles of the form nhorizontai-^ plotted 
against £3 . 


fractional sLag cycles, depending on 


Finally, figures 9 depict the volume of fractional “horizontal” cycles with exceptional wrap¬ 
ping numbers = -y[^ - yf 1 = ±1, xl^ = 0 or = -y^ = ±1, = 0 as a function 


(*) - ^ for £4^ > 0 . Note that although for any phase is allowed, we restrict here 


of £4 - £ 5 


Vol 



(a) Normalised periods of Sl 3 on fractional 
sLag cycles of the form Ilhorizontai + ei^ plotted 
against £4+5- 

Figure 9 : Integrals of LI3 on “horizontal” 


Vol 



(b) Normalised periods of S 7 3 on fractional 
sLag cycles of the form Ih 10 rizonta.] -e/*' 1 plotted 
against £4+5- 

(0 

fractional sLag cycles, depending on £4+5- 


to just positive values for reasons of simplicity. As before, the curves start with a square 
root-like behaviour. However, the higher order corrections become important much earlier 
than in the other cases such that the curves seem to diverge at £4 2; 2 / 3 . We now comment 
on each of the three models separately. 

In Model la all D6-branes Yl ai are undisplaced, thus one can easily see, even before 
summing over Z3 orbits, that each exceptional cycle in the decomposition is sLag by itself. 
Therefore, the choice of Z 2 eigenvalues and discrete Wilson lines will only change the signs 
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with which the exceptional cycles contribute to the fractional three-cycles, but not their 
calibration. More concretely, we find the cycles e ® H 2 k-i with (a/3) = (13), (31) or (33) 
plus their Z 3 images. Thus, the deformations £ 1 , £2, £3 will change the volume of these cycles 
while leaving them sLag. We only have to consider two different kinds of deformations for 
two possible signs in front of the exceptional cycles, see figures 7 and 8 . The precise 
correspondence between the branes and the volume as function of the parameters can 
be read off from the wrapping numbers in tables 8 and 9. 

In Model lb, all brane cycles are “horizontal” and displaced in all three tori, and thus 
contain only exceptional three-cycles of the form ejfj ® ii 2 k-i with a,/3 = 2,4 plus their 
Z3 orbifold images. The Wilson lines are arranged such that, when summing over the Z3 
orbits, only sLag exceptional cycles remain. For example, we find 

na; => ±^24 ® \(-^- 2 k -1 - 7T2 k) + ^ 2 k\ = Te 24 ® n 2 k -1 , (19) 

i.e. the non-sLag parts cancel out, and we are allowed to switch on the deformation pa¬ 
rameters £ 4 ^ 5 . A similar discussion can be applied to the exceptional cycles containing the 
divisor , thus allowing for deformations Therefore, we expect a direct dependence 
of the volume of !!„. only on the two parameters £ 3 ^ and £ 4 ^ 5 . Since the situation is the 
same for permutations of the two-tori, we are essentially left with four cases to compute, 
see figures 8 and 9, where the precise assignment can be read off in tables 10 and 11. 

Finally, in Model lc, we have D 6 -branes which are displaced on two two-tori and undis¬ 
placed in the remaining two-torus. Thus, depending on the Z 2 sector which we are deform¬ 
ing, we obtain different exceptional contributions. However, again the relative signs are 
arranged such that all exceptional parts with mm-sLag calibration cancel out after sum¬ 
ming over Z 3 orbits, thus again all deformations are allowed. The shapes of the periods 
are, depending on the wrapping numbers in tables 12 and 13, again found in figures 7, 8 
or 9. 


3.2 A Pati— Salam model 

In this second example we present a Pati-Salam-like model where each stack of N D 6 -branes 
supports a gauge factor of U(7V)-type. The crucial difference to the toy models of the 
previous section is that this gauge group develops a non-trivial D-term upon deformation 
away from the orbifold point. This statement holds true provided that the fractional 
D 6 -brane has wrappings along the corresponding exceptional cycle. 
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3.2.1 The five-stack U(4)xU(2) 4 model at the orbifold point 


The global three-generation Pati-Salam model that we present here is taken from [16]. It 
has five stacks of D6-branes whose configuration is shown in table 14. In particular we list 
their wrapping numbers ( n^rrii ), Z 2 -eigenvalues, discrete Wilson lines (f) and displace¬ 
ments (cf). A first check shows that all twisted and untwisted RR tadpoles are cancelled, all 
supersymmetry conditions are fulfilled and the K-theory constraints are satisfied trivially, 
i.e. the model is globally consistent. Each brane stack wraps a cycle which is not equal to 
its orientifold image, thus the gauge group is composed of U(JV) factors only. Furthermore, 
in [16] it was shown that all diagonal U(l) cU(iV) factors are anomalous and become mas¬ 
sive via the Stiickelberg mechanism. Therefore the D-terms of these five diagonal U(l)s 
lead to D-term potentials in the effective action, which can potentially stabilise some of 
the deformation moduli dynamically. 


Model 2: D6-brane configuration of a global Pati-Salam model 


Wrapping numbers 

Angle 

7T 

Z^ eigenvalues 

(?) 

(4 

Gauge group 

a 

(0,1;1,0;1,-1) 


(+ + +) 

(0,0,1) 

(1,1,1) 

U( 4 ) 

b 

(0,1;1,0;1,-1) 

(PH) 

("+) 

( 0 , 1 , 1 ) 

(1,1,1) 

U( 2) l 

c 

(0,1;1,0;1,-1) 


(" + ") 

(1,0,1) 

(1,1,1) 

U(2) r 

d 

(T> 2 ; 2 ,- 1 ; 1 ,T) 

(h-h-l) 

("+) 

(0,0,1) 

(1,1,1) 

U(2) d 

e 

(1,0;1,0;1,0) 

(0,0,0) 

(+—) 

(1,1,1) 

(1,1,0) 

U{ 2 ) e 


Table 14 : D6-brane configuration with five stacks of D6-branes yielding a globally defined 
Pati-Salam model with gauge group SU( 4 ) a xSU( 2 ) 6 xSU( 2 ) c xSU( 2 ) ( ixSU( 2 ) e xU(l)^ iassive . 


The corresponding exceptional wrapping numbers (x^\ ) were amongst others used 

in [54, 45] to determine the conditions on the existence of discrete Z n gauge symmetries at 
low energies. It turned out that the model in table 14 contains a generation-dependent Z 2 
symmetry, which dictates the section rules on perturbative and non-perturbative matter 
couplings. 

For the five stack model at hand, the exceptional wrapping numbers given in tables 15 
and 16 show that none of the fractional D6-branes couples to the 2 nd Zg fixed point orbit 
for all i = 1,2 ,3, and also all entries in the tables are zero for the 1 st orbit in the ZJ, ; sector. 

In addition to the four Z 2 fixed point orbits already discussed above, none of the brane 
stacks in the example couples to the orientifold-odd part of the 3 rd orbit of the z!, 3 '* sec¬ 
tor. Our expectation is thus that 4+4+2 out of the 5+5+5 deformation parameters from 
the three Z 2 twisted sectors are stabilised at the supersymmetric orbifold point, and any 
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Bulk and exceptional wrapping numbers of the U(4)xU(2) 4 example, Part I 


N 

X 

Y 


T (l) 

T (l) 

+3 

T (l) 

r (l) 

y ! 1} 

y? 

y s 1} 


y™ 

a 

4 

1 

0 

0 

0 

1 

1 

-2 

0 

0 

0 

-1 

i 

b 

2 

1 

0 

0 

0 

-1 

1 

0 

0 

0 

0 

-1 

i 

c 

2 

1 

0 

0 

0 

-1 

-1 

2 

0 

0 

0 

1 

-i 

d 

2 

3 

0 

0 

0 

1 

-3 

2 

0 

0 

-2 

3 

-i 

e 

2 

1 

0 

-1 

0 

0 

0 

1 

2 

0 

0 

-1 

-i 


Table 15: Bulk wrapping numbers and exceptional wrapping numbers from the Z^ twisted 
sector. None of the stacks couples to the Z 3 -orbit of Z^ fixed points labelled by the lower index 
P = 2. 


Exceptional wrapping numbers of the U(4)xU(2) 4 example, Part II 


r (2) 

X 1 

r (2) 
x 2 

r (2) 

r (2) 

d/4 

r (2) 

X 5 

(2) 

Vi 

(2) 

y\ 

(2) 

y 3 

(2) 

y\ 

(2) 

y\ 


r (3) 

r (3) 

r (3) 

r (3) 

(3) 

y\ 

(3) 

y- 2 

(3) 

y 3 

(3) 

y\ 

(3) 

y 5 

a 

0 

0 

l 

-1 

0 

0 

0 

0 

-1 

1 

0 

0 

-1 

1 

0 

0 

0 

0 

-1 

-1 

b 

0 

0 

-i 

1 

0 

0 

0 

0 

1 

-1 

0 

0 

1 

1 

-2 

0 

0 

0 

-1 

1 

c 

0 

0 

-i 

1 

0 

0 

0 

0 

-1 

1 

0 

0 

1 

1 

2 

0 

0 

0 

-1 

-1 

d 

0 

0 

-i 

1 

0 

0 

0 

2 

1 

-3 

0 

0 

-1 

-1 

0 

0 

0 

0 

1 

1 

e 

1 

0 

0 

0 

-1 

-2 

0 

0 

1 

1 

0 

0 

1 

-1 

0 

0 

0 

0 

1 

-1 


(2) (3) 

Table 16: Exceptional wrapping numbers from the Z;, ; and Z^ twisted sectors. None of the 
stacks couples to p - 2 in both Z^ sectors, or p = 1 in the Z® sector. Also p = 3 in the Z® 
sector has only vanishing orientifold-odd combinations defined in equation (16). 


deformation along one of these directions will break supersymmetry and provide a larger 
value for the scalar potential. On the other hand, the 1+1+3 deformations without D6- 
brane contributions to orientifold-odd combinations of exceptional wrapping numbers are 
expected to constitute flat directions. 


3.2.2 Deformations of the model with U(4)xU(2) 4 gauge symmetry 

D-branes and effective action: The restrictions of the 06-planes on the deformations 
could be deduced from purely geometric considerations. For the restrictions from the 
D-branes, we must also take into account that they are dynamical objects, in particular 
because we first have to specify the multiplicity of D-branes on each cycle. Each stack 
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of D-branes comes with an J\f = 1 supersymmetric gauge theory and thus with D-terms, 
which serve as a potential for the deformation moduli [24], 


yNS-NS 

'scalar 


oc 


£ Vi [ \ <>1 ( i i ,) + Voi(n^)] - Voi(n 06 ) j 



if all D6 x -branes are sLag 
else 


( 20 ) 


For a gauge group to be U(iV), the stack of N identical D-branes must wrap a cycle which is 
not orientifold invariant. These fractional cycles always contain orientifold-odd exceptional 
contributions, although their bulk part may be orientifold-invariant (e.g. II e in the Pati- 
Salam model) or not (e.g. n (lj ft iC! d). For most of these exceptional cycles this implies that 
they are not sLag, but only Lag, for non-vanishing volume. Thus, the model is a priori 
only supersymmetric when such cycles remain singular. 


Giving a vacuum expectation value ( vev ) to the deformation modulus corresponds to gen¬ 
erating a Fayet-Iliopoulos term, resulting in a non-zero D-term of the U(l)cU(iV) and in 
breaking supersymmetry. The coefficient is proportional to the orientifold-odd wrapping 
numbers, see e.g. equation (16). Thus, in the general situation, D-branes with U(TV) gauge 
factors do stabilise the twisted moduli of the fixed points which they pass through at zero 
vev, i.e. at the orbifold point. 


However, in certain situations the D-term can be cancelled by assigning vevs to charged 
open string states. Consider an J\f - 1 supersymmetric SU(1V) gauge theory with M chiral 
multiplets in the fundamental representation. Denote their scalar components by </>“ with 
SU(1V) index a and flavour index i. Then the D-terms of the SU(1V) factor allow for a flat 
direction only if M > N by assigning a vev of the form (</>“) oc 5“ up to gauge and flavour 
symmetry transformations. If we now have N t D-branes on two cycles n*, i - 1,2, then the 
massless spectrum contains a chiral multiplet in the (IVi, iV 2 ) representation precisely if Hi 
and n 2 intersect. We find that this is for example the case if the bulk part of Hi and n 2 is 
orthogonal in two of the three two-tori and parallel in the third one, and their exceptional 
part differs in a global sign. Then a flat direction for both SU(iVj) gauge factors can only be 
found if N\ = 1V 2 . The vev of the fundamental representations also appears in the D-terms 
of the U(l) factors and there indeed cancels the vev of the deformation modulus. 

Geometrically, the following happens: the exceptional contribution of the D-branes wrapped 
on n, cancels only if N\ = iV 2 , thus only in this case the sum of D-branes stays sLag when 
performing the deformation. The former two stacks of D-branes merge to only one stack of 
Ni = N 2 D-branes resulting in just a U(iV 1 ) gauge theory. This agrees with the held theoret¬ 
ical picture since here the diagonal vev in the bifundamental representation is responsible 
for the symmetry breaking SU(iV)xSU(iV)->SU(iV). 
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(a) Normalised periods of 3 (fb) on fractional 
sLag cycles of the form Ilhorizontai + 2 ei plotted 
against e\ 7 \ The real part 91(03) is identical 
to figure 7 . 

Figure 10: Integrals of 0 3 in the five-: 


Vol 

1.10 

1.05 


0.95 ■ 

0.0 0.2 0.4 0.6 0.8 

(b) Normalised periods of 0 3 on fractional 
sLag cycles not containing plotted against 

£^. Notice the absence of the be¬ 

haviour but only a higher order dependence. 

Pati-Salam model, depending on e\. 


Allowed deformations in the U(4)xU(2) 4 model: We will first focus on the five 
brane stacks and check, in a meaningful order, which of the deformations are forbidden. 
Then we will consider the remaining deformations and discuss their influence on the model. 


The Pati—Salam branes These three stacks of branes wrap the same bulk cycle 

and differ only in their Z 2 eigenvalues and discrete Wilson lines, i.e. the signs of their 
exceptional cycles. As we can read off from tables 15 and 16, they wrap only four distinct 
orientifold-odd cycles. For example, when summing over Z 3 images, 

fl a d ejf ® [(tt 4 - 7 r 3 ) + 7 r 4 ] = ® (2 tt 4 - tt 3 ) , (21) 

whose calibration depends on the phase of e\ . In particular, these branes lead to the 
restrictions 


_(i) 


> 0 , 


-( 2 ) 


> 0 , 


-(3) 


= 0 . 


( 22 ) 


The hidden branes 11 ^: Once we imposed the restrictions from the visible branes, we 
turn to the two remaining brane stacks. Put together, they wrap six additional orientifold- 
odd cycles. Note that e.g. the e-branes differ from the a 2 -branes in model lc of section 3.1 
only by the choice of discrete Wilson lines. This, however, leads to the non-cancellation of 
their orientifold-odd parts, e.g. 

II e =1 ® [(7T 4 - 7T 2 ) - 7T 2 ] = ® (7Ti - 27T 2 ) . (23) 
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For the deformation e ^ 1 ' 1 > 0, allowed by our choice of exotic O-plane, this cycle is cali¬ 
brated with if ^3 and thus not sLag. Therefore, a supersymmetric vacuum requires = 0. 
Altogether, we find the following restrictions, in addition to the ones imposed by the three 
stacks of Pati-Salam-branes: 

= £ 3 ^ = £ 4 ^ = 0, fori = 1,2, £ 4 ^ = 0 . (24) 

For illustrational purposes we computed the integral of 3(f2 3 ) on the cycle IQ, as shown 
in figure 10a, where 3 ( 03 ) + 0 for > 0 corresponds to broken supersymmetry. 

To sum up, the only allowed deformations in this model are 

4 l) >0, fori = 1,2,3, 4 3 ) >0, 4 3) > 0 , (25) 

in perfect agreement with our expectation from section 3.2.1. 

We will now discuss the effects of these deformations. 


Deformation ’: The deformation £3 > 0 is of particular interest. This is because 

the visible branes contain only an orientifold-even cycle £3 , whose coefficient x 3 ; can be 
read off from table 16. Therefore, switching on this deformation will reduce the volume of 
the U(4) branes and enhance the volume of the U(2 )l/r branes. Qualitatively, this effect 
is shown in figures 8 , where figure 8 a corresponds to the left/right branes and figure 8 b to 
the U(4) brane. This can be phenomenologically interesting since in this way we can make 
the gauge coupling of the QCD SU(3) c U(4) stronger compared to the weak interactions 
SU(2) l . 


Other deformations: Finally, we discuss the effect of the four remaining deformations. 
First we observe that none of the branes wraps an orientifold-even cycle of this type, i.e. 
( a: 2 ^, 2 / 2^) i=1 ’ 2 ’ 3 = = (0)0) Or tables 15 and 16 for all five stacks. Therefore, we 

only expect a higher order dependence of the volumes on these parameters. For example, 

/ o\ 

we plotted the normalised volume of I T a ,b,c,e against the parameter £} in figure 10b. Indeed, 
we find just a negligibly small change in the volume. Qualitatively the effect of the three 
other parameters is the same, thus their value is not of great importance for the physics 
of the low-energy gauge theory in this model. 


36 



4 Discussion and Conclusions 


In this work we have analysed the behaviour of D6-brane models on toroidal orbifolds with 
discrete torsion under deformations of the Z 2 fixed points. We focussed here on tilted tori, 
and most notably on tori which exhibit an additional Z 3 symmetry, as they are particularly 
appealing for phenomenological models with three quark/lepton generations. In contrast 
to the deformations on untilted tori, as studied before in [41] , we observed some differences 
which required additional investigations. 

First, here we were interested in orbifolds with point group Z 2 x Zg, of which there exists 
110 direct description as a hypersurface in an ambient toric space. Thus we started with a 
fully deformable description of T 6 /(Z 2 x Z 2 ) and rnodded out the remaining Z 3 symmetry 
by hand. This led to restrictions on the deformation parameters which are in agreement 
with the CFT expectations. Furthermore, this formalism is sufficient for our purposes, 
since the Z 3 and Zg sectors, whose singularities are not resolvable here, do not contain 
exceptional three-cycles which D6-branes could wrap. 

In addition, each brane stack appeared as an orbit under the remaining Z 3 symmetry, thus 
it may happen that a brane intersects its Z 3 images at the fixed points. In such a case, 
the contributions from the corresponding exceptional cycles add up between the various 
Z 3 images, whereas in Z 2 x Z 2 models each brane has at most one exceptional cycle at each 
fixed point. This could result either in a sLag or a non -sLag cycle, depending on the value 
of the associated discrete Wilson lines. 

Another technical difficulty arose from the fact that the deformation parameters had to 
be switched on in a Z 3 -invariant way. As a consequence, we observed that some fixed 
points with different indices than the non-zero deformation parameters get deformed at 
higher order. Keeping them singular requires the introduction of counter terms in the 
hypersurface polynomial so that the map between the deformation parameters and the 
moduli vevs becomes more involved compared to the Z 2 x Z 2 orbifold, see appendix A. 

For simplicity we focussed on just one choice of orientifold involution, a-n, corresponding 
to tilted tori with an AAA-type lattice. Although this requires the parameters of the 
hypersurface polynomial to be real, many fractional cycles of interest cannot be described 
by restricting the homogeneous coordinates to be real, in contrast to the analogous case 
on untilted tori. Therefore, the parametrisation of these fractional cycles is difficult when 
leaving the orbifold point, and it turned out to be more feasible to access them indirectly by 
other representatives in their homology class. In this way, the periods of the holomorphic 
three-form can be computed for the relevant cycles under many deformations. 
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Moreover, in contrast to the untilted tori studied in [41], on tilted tori not every excep¬ 
tional cycle is (plus/minus) its own orientifold image, e.g. <-» e§\ These cycles 

appear in complex conjugate pairs, and their deformation parameter is allowed to take 
a priori arbitrary complex values, leading to exceptional cycles of arbitrary calibration 
phase, ffowever, in the global geometry, these cycles can only be nicely parametrised for 
a single calibration, corresponding to real deformation parameters. 

After discussing the technical setup, we focussed on two types of D6-brane models, those 
with only USp(21V) or only SO(2Y) gauge groups, and a model which contained only U (N) 
gauge groups. From the effective action point of view, the difference is that the latter class 
of models contains U(l) gauge factors whose D-term potential can lead to the stabilisation 
of deformation moduli. 

In the first class of models, we found that the D6-branes only wrap orientifold-even cycles, 
i.e. they remain sLag for any type of deformation. We confirmed this by computing the 
integrals of the holomorphic three-form on these cycles and found that the integrals indeed 
stay real, but can change in their absolute values. More precisely, if a D6-brane wraps 
a certain exceptional cycle, its volume shows a square root-like dependence on the corre¬ 
sponding deformation parameter with the sign depending on the associated Z 2 eigenvalues 
and Wilson lines as shown in figures 7, 8 and 9. Thus, in such models we are able to vary 
the gauge coupling constants along flat directions in the complex structure moduli space. 

Finally, we looked at a Pati-Salam model with five U (N) gauge factors, whose massless 
spectrum, generation-dependent discrete Z 2 symmetry and Yukawa interactions had been 
studied in [16, 54, 55]. This model leads to five U(l) subgroups with five D-term potentials, 
but it turns out that indeed 4+4+2 = 10 of the 15 deformation moduli can be stabilised at the 
orbifold point. The explanation is that each of these deformations locally leads to non -sLag 
contributions of exceptional three-cycles for some of the D6-branes, independently of what 
happens at the other orbifold fixed points. We discussed the possibility of cancelling the 
Fayet-Iliopoulos terms with chiral states in the bifundamental representation in general, 
but the basic conditions to do so are not fulfilled for the present model. As a result, 
we found five D-flat directions among the deformation moduli for this model. One of 
these directions turns out to be able to change the SU(4) coupling constant against the 
SU(2) R / L couplings, whereas the other four flat directions have no influence on the low 
energy-effective gauge theory. Analogously, we expect from the counting of non-vanishing 
orientifold-odd wrapping numbers for the global six-stack Pati-Salam model with spectrum 
and Z n symmetries considered in [16, 54, 45] that 4+3+4 out of 5+5+5 twisted deformation 
moduli are stabilised at the orbifold point, and only four flat directions in the complex 
structure moduli space exist. 
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Our findings are of importance also for phenomenologically appealing models on the 
T 6 /(Z 2 xZ 6 ) orbifold with a different Z 6 action [18], in particular for the new global MSSM- 
like and left-right symmetric models [42]. In these models, one rectangular two-torus and 
two hexagonal two-tori respect the Z 2 x 7L§ x 07 Z action. 

The work in this article focussed on complex structure deformations in Type IIA orb- 
ifolds/orientifolds. For the T 6 /(Z 2 xZ 2 ) orbifold on untilted tori, our findings can straight¬ 
forwardly be T-dualised to blow-ups (by Kahler moduli) in the Type IIB/O language, see 
e.g. [56-60]. T-duality for toroidal backgrounds results in identifying tilted tori in Type 
IIA/07 Z with a non-vanishing 5-field in Type IIB/O [51, 57, 61], but to our best knowledge, 
the mapping of twisted sectors in the kinds of models considered in the present article has 
not been worked out, but is expected to differ from the rectangular torus due to the non¬ 
trivial permutation of some orbifold singularities under the orientifold involution. If also 
the symmetric Z 3 action of the article at hand is included, T-duality will further translate 
it to an asymmetric Z 3 action in Type IIB/f2 orientifolds [62], The advantage of the Type 
IIA/f27 Z language thus clearly lies in the geometric description. 

Last but not least, we showed how to stabilise the majority of complex structure moduli 
in the presence of D 6 -branes. The dilaton and remaining geometric moduli, in particular 
the Kahler moduli, will have to be stabilised by non-perturbative effects and possibly a 
small number of RR-fluxes, see e.g. [63, 64] for the generic shape, with assumed small 
back-reaction on the three-cycle geometry. We expect that low-energy parameters like 
the gauge and Yukawa couplings will not depend on the twisted Kahler moduli (blow-up 
modes) but rather only on the areas of the two-tori, reinforcing our focus on stabilising 
complex structure moduli. Moreover, as recently argued in [65], the interplay between 
closed and open string moduli is expected to also stabilise the latter. The mixing of their 
axionic open and closed string partners has also been recently discussed, see e.g. [ 66 , 55]. 
A detailed analysis of a complete closed and open string moduli stabilisation scenario in 
phenomenologically appealing models and their impact on cosmology, however, goes well 
beyond the scope of this article and will be investigated in the future. 
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A Collection of Formulas 


In this appendix, we collect the precise expressions for the hypersurface polynomial in 
equation ( 8 ) for finite deformations. First we apply the restrictions from the Z 3 symmetry 
and the orientifold projection as in table 3 and rewrite the terms in a more compact form. 
We work only in the Z;> ; sector since the other ones are equivalent, and we will drop the 
dependence of the coordinates £ 3 , w 3 . Furthermore, we relabel the deformation parameters 
£ y a p as e p , where p = 1,2,3 represent the two-cycles e p= i )2 ,3 following the convention in 
section 2.2, whereas e 4 ±5 simultaneously deform e 4/5. Then the hypersurface polynomial 
reads: 


/ = ~y 2 + (i>3®3 - v i) ' { (^1 - v\) (v 2 xl - v%) 

-£\x\v\ (xi~x 2 vl) 

-£<2 (x\ - Xivf) x%v% 

-£3 (vfv 2 + v\x\v 2X 2 + vfxiV 2 X 2 ) 
-£4+5 ( 2 ufu| - v\x\vlx 2 - vfxlV 2 xl) 
-£4-5 (vfxjv%x 2 - v\xivlxl) | . 

For simplicity we will work in the patch v t = 1. 


(26) 


Deforming Fixed Points 4 and 5 If we switch on £ 4+5 we observe how the exceptional 
cycles e 4 and e$ grow out of the singularities. However, also fixed point 3 gets deformed in 
this process, but to higher order in £4. Therefore, we must also vary £3 as a function of £4 
to keep e 3 singular, and we find that this is fulfilled if 

£ 3 = ~ £ 4 + ~ 3e 4 = -£4 - -£4 + 0{£ 4 ). (27) 

In this case the fixed point (33) is located at x\-x 2 - -1+ ^+ l2£ -. Furthermore, we find 
that this is only valid for £4 > —3/4, which seems to be the boundary of the range of small 
deformations. The hypersurface equation for this particular deformation becomes 

y 2 = (x? - l) {x% - l) - £4 (2 - X!xl - x\x 2 ) + ( ^ + £4 - W^j _ -3^'j (l + X]_x 2 + x\x 2 ) . (28) 


Deforming Fixed Point 3 In the next step we want to switch the roles of the fixed 
points studied above, i.e. we want to deform the fixed point (33) while leaving fixed point 
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(24) singular. To do so, we give e 3 a finite value and tune e 4 accordingly. Unfortunately, 
we cannot find a nice analytic expression as in equation (27), but we are able to write down 
a Taylor series expansion: 

£ 4 =--£3 ~ ^ £ 3 + &( £ 3) ■ ( 29 ) 

Note that the fourth order vanishes so that we can stop the expansion here. Using this, 
and after shifting the x x with a 2 and x 2 with a 4 , see equation (14), we find the fixed point 
(24) at X\ - x 2 - 1 + ib where b is the real root of the equation 

e 3 b 6 - (9 + 3 e 3 )b 5 + (9 + 6e 3 )6 4 - (27 + 7 e 3 )b 3 + (9 + 6 e 3 )b 2 - (9 + 3 e 3 )b + e 3 = 0. (30) 

In order to find the exceptional cycle (33), we go back to the unshifted hypersurface 
equation 

V 2 = (x’l - l) (x\ - l) - £3 (l + x 4 x\ + xjx 2 ) + + ^-£3 + ... j (2 - x 4 xl - x\x 2 ) . (31) 

Again, using the symmetry x 4 ++x 2 , we recover the exceptional cycles at x 2 - x\ and y e M. 


Deforming Fixed Points 1 and 2 Since in each four-torus the exceptional two-cycles 
e 4 and e 2 are equivalent via the permutation symmetry of the two-tori, we discuss their 
deformation simultaneously. Here it is useful to focus on two different directions of defor¬ 
mations: 

• Deforming only one of those fixed points, e.g. e 4 > 0,e 2 = 0: In this set-up one can 
study the volume and sLag property of the resulting exceptional cycles. Switching 
on only one such deformation leaves all other fixed points singular and thus leads to 
a rather tractable hypersurface equation (26). 

• Simultaneously deforming both fixed points, e e 4 - e 2 > 0: Here the advantage is 
that the symmetry between X\ and x 2 is preserved and we thus have easy access to 
the cycles e 3 i 4 ; 5 - However, in this case we observe a deformation of all other fixed 
points at higher order so we need to switch on e 3 and £ 4+5 to keep them singular. For 
e 3 we indeed find an analytic espression, 

/- 

S 3 = -3/2 + 2s + V9/4-6 s + 3s 2 = + 0(s A ), (32) 

o 9 

2 3 4 

whereas £ 4+5 can only be given approximately, e 4+5 = -y + y- y + (9(e 5 ). To sum 
up, the full deformed hypersurface equation becomes 

y 2 = (aq* - l) ( x\ - l) - £ (xfxf + x\x\ - x 4 x 2 - x\x 2 ) (33) 

- (-3/2 + 2e + a/ 9/4-6£ + 3e 2 ) (l + x x x\ + x\x 2 ) - ( - y + 7T - y)( 2 ~ XlX % ~ 
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B Untilted, Tilted and Square Torus Lattice 


In the previous discussion we focussed on the hexagonal torus, but for completeness we 
also want to describe the Lag lines that appear in the general case of an untilted (a-type) 
or tilted (b-type) torus, or in the special case of a square torus (either a- or b-type). 
Especially for the square torus there appear some interesting symmetries among the Lag 

lines. 


Im x 



Im x 



(a) Untilted (a-type) lattice. The four Lag lines 
aX (blue) on the real axis are the ones intersect¬ 
ing the singularities (£2,£3, £4,00). The two addi¬ 
tional circles (green) correspond to Lag lines not 
intersecting the singularities, i.e. pure bulk cy¬ 
cles, and were discussed in detail in [ 41 ], where 
they were called III (left circle) and IV (right cir¬ 
cle). 


(b) Tilted (b-type) lattice. The Lag lines on the 
real axis, called bl and bll, correspond to undis¬ 
placed cycles (a = 0), while the two arcs of the 
circle named bill and blV represent displaced 
ones (er = 1 ). Each cycle passes through two of 
the singularities £2, £3, £4, 00 ■ The notation in the 
image is er = 91 (e) and ei e 3 (e). 


Figure 11: Lag lines in the complex x-plane (with v = 1), cf. also formulas of table 2. 


The properties of the Lag lines for the untilted and tilted lattice can be found in table 2. 
Here one can read off that all Lag lines of the general a-type lattice which intersect singular¬ 
ities lie on the real x-axis (if v = 1), as one can also see in figure 11a. Therefore it is easy to 
work with orbifolds of the a-type lattice, especially since the deformation parameters take 
also only real values (at least for all deformations that are interesting for our discussion). 
This makes it possible to visualise the Lag lines in the hypersurface formalism in a two- 
or three-dimensional picture, as was done in [41], where also deformations can be studied 
in a qualitative way. The two additional circles depicted in figure 11a corresponding to 
pure bulk cycles were omitted in the previous discussion because they are uninteresting 
in the context of deformations. However, their existence allows to use an analogous trick 
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on the rectangular torus to that used in figure 6 for the hexagonal one to compute the 
integral over another bulk cycle in the same homology class. More details about the Lag 
lines on the rectangular a-type torus can be found in [41]. For the untilted torus, one has 
two parameters which can be varied freely, which leads to another shape and size of the 
torus, e.g. vary e 2 and e 4 , while e 3 = -e 2 - e 4 . 



(a) Square lattice of a-type. The blue lines, called aX 
(all lying on the horizontal axis), are the same as in the 
general untilted torus (depicted in figure 11a), while 
the red curves, labelled bX, are additional Lag lines 
appearing on the square lattice due to the enhanced 
symmetry. 



(b) Square lattice of b-type. Here the 
red curves (again called bX) correspond to 
the general tilted lattice illustrated in fig¬ 
ure lib, while here the blue lines aX (now 
all lying on the vertical axis) are the ad¬ 
ditional Lag lines appearing on the square 
lattice. 


Figure 12: Lag lines for square tori in the complex x-plane (with v = 1), cf. also formulas of table 2 
with e 3 = 0 (a-type) or 91(e) = 0 (b-type). 


The Lag lines of the tilted (b-type) torus, depicted in figure lib, are more complicated to 
handle because the displaced Lag lines bill and blV take now complex values in the x- 
coordinate (for v as well if we do not work in the patch v = 1). This is similar to the special 
case of a hexagonal torus described in section 2 . 2 , but for the generic tilted torus there 
exist only the four Lag lines given in figure lib and table 2, i.e. no additional cycles appear. 
The singularities of the tilted torus in the hypersurface formalism are given by e 3 = 291(e) 
and e 2 = -91(e) + ?'3(e) = el, so here one has, as for the untilted case, two parameters which 
determine shape and size of the tilted torus and which can be varied freely. The circle 
depicted in figure lib has radius \J (391(e)) 2 + 3(e) 2 and is centred around the singularity 
e 3 . In the previous chapters the parameter 91(e) was sometimes chosen as 91(e) = \ to 
simplify the equations. 
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Figure 13: All Lag lines for the square a-type torus in the complex x-plane (with v = 1). 

As already mentioned before, the square torus lattice has the special property that it can 
exist on an underlying a- or b-type lattice, cf. hgure 1, and fixed point 3 always has the 
value 63 = 0 implying 62 = 6 r = -64. Therefore, only one parameter remains that can be 
varied freely, changing the size of the torus lattice. As for the hexagonal torus lattice (see 
table 4 for the Lag lines), the number of Lag lines on the square lattice increases by the 
enhanced symmetry such that one counts eight Lag lines (running through the fixed points) 
for both lattice types a or b. This was already discussed in detail in [41]. One nicely sees 
the symmetry in figures 12 a and 12 b, where the right picture is just a by | rotated version 
of the left picture. Diagram 12b represents the special case of the tilted lattice where 62 
and 64 have only values in iR. 

In figure 13 one finds all Lag lines of the a-type square torus, including the pure bulk 
cycles that already appeared in hgure 11 a, and one could analogously draw a diagram for 
the b-type lattice (i.e. rotated by |). But, while these additional Lag lines naturally also 
appear in the rotated b-type version of the square lattice, they are not apparent in the set 
of Lag lines of the general tilted torus, as already discussed above. 
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